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Abstract
This paper is devoted to the partial classification of homogeneous Einstein 6-manifolds with positive scalar
curvature.
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Introduction
It is well known that any Einstein manifold Mn of dimensions 2 or 3 is isometric to a space of constant
sectional curvature. For n = 4 G. Jensen proved that a homogeneous Einstein manifold is isometric
to a Riemannian symmetric space [8]. In dimension n = 5 the classification of compact homogeneous
Einstein manifolds was given by D.V. Alekseevsky, I. Dotti and C. Ferraris [2]. Some results on compact
homogeneous Einstein 5-manifolds were obtained earlier by M. Wang and W. Ziller [18], see also
E.D. Rodionov [14,16]. D.V. Alekseevsky classified homogeneous Einstein 5-manifolds with negative
sectional curvature [1]. In [13] a partial classification theorem for compact homogeneous Einstein 6-
manifolds was announced. This paper is an expanded variant (with some corrections) of the above
mentioned paper. Nonsymmetric examples of homogeneous Einstein 6-manifolds with positive scalar
curvature were earlier examined by G. Jensen [9], J.E. D’Atri and H.K. Nikerson [4] and W. Ziller [21].
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370 Yu.G. Nikonorov, E.D. Rodionov / Differential Geometry and its Applications 19 (2003) 369–378Remind that a Riemannian manifold (M,ρ) is called Einstein if its metric ρ satisfies the condition
Ric(ρ)= C · ρ for some constant C ∈ R. We deal only with the homogeneous 6-manifolds of positive
scalar curvature. The last condition is equivalent to the inequality C > 0 [3]. Our main results are
contained in two theorems.
Theorem 1. Let G be a compact connected semisimple Lie group which acts almost effectively on the
6-dimensional simply connected homogeneous space M6 =G/H , where H is a closed subgroup of G.
If (G/H,ρ) is an Einstein homogeneous manifold, then it is either a symmetric space or isometric, up to
multiplication of the metric ρ by a constant, to one of the following manifolds:
(1) CP3 = Sp(2)Sp(1)×U(1) with the squashed metric ρZ,(2) the Wallach space SU(3)/Tmax with the standard metric or with the Kähler metric,
(3) the Lie group SU(2)× SU(2)= S3 × S3 with some Einstein left-invariant metric.
The squashed metric ρZ on CP3 = Sp(2)Sp(1)×U(1) was found by W. Ziller [21]. Two metrics on the Wallach
space were obtained by J.E. D’Atri and H.K. Nikerson [4]. There are at least two left-invariant Einstein
metrics on the Lie group SU(2)× SU(2). One of these metrics is standard, the second metric was found
by G. Jensen [9]. The last metric ρJ can be observed as the standard metric on the Ledger–Obata space
SU(2)3/diag(SU(2)) [19].
We note that a requirement of semisimplicity of G is stipulated by the fact that the semisimple part of
G acts transitively on the compact homogeneous Einstein manifold G/H [3]. Besides, the condition of
simple connectedness of M6 is inessential, since we can pass to the universal covering of M6. Further,
since a space G/H is assumed simply connected, then a subgroup H must be connected.
It is well known that the classification problem of left-invariant Einstein metrics on the group
SU(2) × SU(2) is still open. In the second theorem of this paper we deal only with Ad(S1)-invariant
Einstein metrics on SU(2)2.
Theorem 2. Let ρ be any left-invariant Einstein metrics on the Lie group SU(2)×SU(2) which is Ad(S1)-
invariant for some embedding S1 ⊂ SU(2)× SU(2). Then ρ is isometric, up to a homothety, either to the
standard metric or to Jensen’s metric ρJ on SU(2)× SU(2).
The proofs of Theorems 1 and 2 will be developed by using the Lie algebras (g, h) of Lie groups
(G,H). Let us remind some useful facts. Let p be an Ad(H)-invariant complement of h in g, then every
Ad(H)-invariant inner product (·, ·) on p uniquely determines a homogeneous Riemannian metric ρ on
G/H and vice versa [3, 7.24]. We note that for connected Lie groups H the notions of the Ad(H)-
invariance and the ad(h)-invariance are equivalent.
Let M be a set of ad(h)-invariant inner products of volume 1 on p with respect to some chosen inner
product. In our case it is convenient to consider p as the orthogonal complement of h in g with respect to
the Killing form of the Lie algebra g and the restriction of the minus Killing form on p as a chosen inner
product. Let us remind that the Riemannian metric which is generated by this inner product is called
standard. Later in the text we identify an invariant metric on G/H with corresponding inner product on
p, which generates this metric.
We have divided the paper into two sections. In Section 1 we describe compact 6-dimensional
homogeneous spaces and prove Theorem 1. In Section 2 we investigate left-invariant Einstein metrics
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Einstein metrics to the problem of searching the critical points of some explicit function, then we classify
Ad(diag(SU(2)))-invariant Einstein metrics on SU(2)2 and obtain the proof of Theorem 2.
1. The proof of Theorem 1
For the proving of Theorem 1 we need a list of compact 6-dimensional homogeneous spaces with
semisimple groups of motions. This list was obtained by V.V. Gorbatsevich in [6] (see also Theorem 3.1
from [7]). Namely, if the homogeneous space M = G/H is 6-dimensional and simply connected with
the compact connected semisimple Lie group G, then it is one of the spaces in the following list:
(1) SO(7)
SO(6) = S6 is a symmetric space of type BDI,
(2) SU(4)
S(U(1)×U(3)) =CP3 is a symmetric space of type AIII,
(3) Sp(2)
U(2) is a symmetric space of type CI,
(4) Sp(2)Sp(1)×U(1) is diffeomorphic to CP3,
(5) SU(2)×SU(2)diag SU(2) × SU(2)×SU(2)diag SU(2) = S3 × S3 is the product of symmetric spaces,
(6) G2SU(3) = S6,
(7) SU(2)× SU(2)×SU(2)diag SU(2) is diffeomorphic to S3 × S3,
(8) SU(2)
S1
× SU(2)
S1
× SU(2)
S1
= S2 × S2 × S2,
(9) SU(3)
Tmax
is the Wallach space,
(10) SU(2)× SU(2)= S3 × S3.
Remark. We note also that the topological classification of compact homogeneous spaces (up to
dimension 9) were obtained by S. Klaus [11].
Let us consider B(X,Y )=− tr(adX ◦ adY ), where X,Y ∈ g, adX is an inner automorphism of g. One
can obtain a decomposition g = h⊕ p, where p is ad(h)-invariant and B-orthogonal complement of h
in g. We examine step by step all cases of the above list.
There is exactly one, up to a homothety, invariant Einstein metric on the spaces SO(7)/SO(6),
SU(4)/S(U(1) × U(3)), Sp(2)/U(2), G2/SU(3). It follows from the fact that all of these spaces are
isotropy irreducible spaces [3,20].
There is unique, up to a homothety, invariant Einstein metric on the homogeneous spaces
SU(2)
S1
× SU(2)
S1
× SU(2)
S1
,
SU(2)× SU(2)
diag SU(2)
× SU(2)× SU(2)
diag SU(2)
, SU(2)× SU(2)× SU(2)
diag SU(2)
.
This statement follows from Schur’s lemma and the classification of 2-dimensional and 3-dimensional
homogeneous Einstein manifolds.
The classification of invariant Einstein metrics on Sp(2)/(Sp(1) × U(1)) was obtained by W. Ziller
[21]. There are exactly two, up to isometry and homothety, invariant Einstein metrics on Sp(2)/(Sp(1)×
U(1)). One of these metrics is symmetric (and the corresponding Riemannian manifold is isometric to the
symmetric space SU(4)/S(U(3)×U(1))), the second metric (the squashed metric ρZ) is nonsymmetric
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Sp(1)×U(1)⊂ Sp(1)× Sp(1), one can consider the fibration
Sp(1)/U(1)→ Sp(2)/Sp(1)×U(1)→ Sp(2)/Sp(1)× Sp(1)
or equivalently S2 → CP3 → HP1. Then the squashed metric ρZ can be obtained by changing the
canonical metric on CP3 in the direction tangent to the fibre S2.
There are exactly two, up to isometry and homothety, invariant Einstein metrics on the Wallach space
SU(3)/Tmax. For the first time invariant Einstein metrics on SU(3)/Tmax were classified by J.E. D’Atri
and H.K. Nikerson [4]. Later the classification of invariant Einstein metrics on all Wallach’s spaces was
obtained in [15]. In considering case we have a decomposition of p into the sum of three irreducible and
mutually non isomorphic modules, p = p1 ⊕ p2 ⊕ p3, with respect to the adjoined action of h. Again, if
we apply Schur’s lemma, we get that the family of SU(3)-invariant Riemannian metrics on SU(3)/Tmax
has the form
(·, ·)= c1 ·B|p1 + c2 ·B|p2 + c3 ·B|p3,
where c1, c2, c3 ∈ R+. Without loss of generality we may assume that (c1, c2, c3) = (1, t, s). Then the
Einstein equations have the form (see, for example, [15]):{
3st − t2 − 3s + 1 = 0,
(t − s) · (t + s − 3)= 0.
Solving the above system, we get four solutions: (t, s) = (1,1), (t, s) = (1,2), (t, s) = (2,1) and
(t, s) = (1/2,1/2). When t = s = 1, we have the standard metric. Other metrics are pairwise isometric
(up to a homothety) and are Kähler metrics [3,10].
This completes the proof of Theorem 1.
In the next section we consider left-invariant Einstein metrics on the Lie group SU(2)× SU(2).
2. Left-invariant Einstein metrics on SU(2)× SU(2)
It is well known that the standard metric on SU(2)× SU(2) is Einstein [3]. Moreover, it is symmetric.
The existence of second left-invariant metric on this group was proved by G. Jensen [9].
We shall need the following observation, the Lie group SU(2)3 acts effectively on SU(2)2 by the
formula
(x1, x2, x3) · (y1, y2)→
(
x1y1x
−1
3 , x2y2x
−1
3
)
,
where (x1, x2, x3) ∈ SU(2)3, (y1, y2) ∈ SU(2)2. The isotropy group at the point (e, e) (e is the unit in
SU(2)) is exactly diag(SU(2)), which implies the diffeomorphism between SU(2)2 and the Ledger–
Obata space SU(2)3/diag(SU(2)). Moreover, invariant metrics on the space SU(2)3/diag(SU(2)) are
precisely Ad(diag(SU(2)))-invariant metrics on the Lie group SU(2)× SU(2) as it was obtained in [19].
All our considerations are based on so-called variational principle for Einstein metrics, which states
that G-invariant Einstein metrics on a compact homogeneous space G/H are precisely the critical points
of the scalar curvature functional S on the space of G-invariant metrics with fixed value of the volume
[3,9,17].
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Einstein metrics to the problem of searching the critical points of some explicit function of 15 variables
with one Lagrange-like restriction.
Let us consider the Lie algebra g = su(2) ⊕ su(2) with an bi-invariant Riemannian metric (·, ·) =
−1/2B(·, ·), where B is the Killing form of g. Let 〈·, ·〉 be some Einstein metric of volume 1 with
respect to the bi-invariant metric (·, ·).
Let p1 and p2 be the modules which correspond to the first and the second summands of su(2) in g, q
is the orthogonal complement of p1 in g with respect to 〈·, ·〉. Let us consider the orthogonal projection
P :q→ p2 of q onto p2 with respect to (·, ·). Obviously, it is one-to-one map.
The restrictions of 〈·, ·〉 and (·, ·) on p1 can be diagonalized simultaneously. Using the structure of the
algebra su(2) we can choose the vectors E1, E2, E3, which form an orthonormal basis in p1 with respect
to (·, ·) and satisfy to the following multiplication table: [E1,E2] =E3, [E2,E3] =E1, [E1,E3] = −E2.
We can choose three positive constants a, b, c such that the vectors X1 = aE1, X2 = bE2, X3 = cE3
form an orthonormal basis in p1 with respect to 〈·, ·〉.
Analogously, we consider two inner products on q: 〈·, ·〉 and (x, y)1 = (P (x),P (y)). They can be
diagonalized simultaneously too. Therefore, there is an orthonormal basis in p2 with respect to (·, ·),
which consists of the vectors F1, F2, F3 such that [F1,F2] = F3, [F2,F3] = F1, [F1,F3] = −F2. There
are three positive constants d , e, f such that the vectors Y1 = P−1(dF1), Y2 = P−1(eF2), Y3 = P−1(f F3)
form an orthonormal basis in q with respect to 〈·, ·〉.
Let us consider the transition matrix A from the basis (E1,E2,E3,F1,F2,F3) to the basis
(X1,X2,X3, Y1, Y2, Y3). It can be represented in the following form:
A=
(
D 0
W D˜
)
,
where
D =
(
a 0 0
0 b 0
0 0 c
)
, D˜ =
(
d 0 0
0 e 0
0 0 f
)
, W =
(
x u v
α y w
β γ z
)
.
We note that W is the matrix with elements which are defined by the equations
Yi =
3∑
j=1
wijEj + P(Yi).
Obviously, the considering metric must be the critical point of the scalar curvature functional S
restricted on the set of metrics with volume 1. In particular, it is the critical point of S on the set of
metrics, which bases are expressed through the basis (E1,E2,E3,F1,F2,F3) by a matrix of the same
type as the matrix
A=
(
D 0
W D˜
)
with the volume condition abcdef = 1. It is easy to check that any critical point of S on described set of
metrics generates a left-invariant Einstein metric. Let us determine an expression for the scalar curvature
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S(〈·, ·〉)=−1
2
∑
i
(
B(Xi,Xi)+B(Yi, Yi)
)
− 1
4
(∑
i,j
∥∥[Xi,Xj ]∥∥2 +∑
i,j
∥∥[Yi, Yj ]∥∥2 + 2∑
i,j
∥∥[Xi,Yj ]∥∥2).
Using the multiplication table of su(2), we obtain the explicit expression for S:
S = h(a, b, c, d, e, f, x, y, z, u, v,w,α,β, γ )
= a2 + b2 + c2 + d2 + e2 + f 2 + x2 + y2 + z2 + u2 + v2 +w2 + α2 + β2 + γ 2
− 1
2
(
a2b2c−2 + b2c2a−2 + c2a2b−2 + d2e2f −2 + e2f 2d−2 + f 2d2e−2
+
(
a2
c2
+ c
2
a2
)(
u2 + y2 + γ 2)+(a2
b2
+ b
2
a2
)(
v2 +w2 + z2)+(b2
c2
+ c
2
b2
)(
x2 + α2 + β2)
+ a−2
((
uw− vy − de
f
β
)2
+
(
vγ − uz− df
e
α
)2
+
(
yz−wγ − ef
d
x
)2)
+ b−2
((
vα− xw− de
f
γ
)2
+
(
xz− vβ − df
e
y
)2
+
(
wβ − zα− ef
d
u
)2)
(∗)+ c−2
((
xy − uα − de
f
z
)2
+
(
uβ − xγ − df
e
w
)2
+
(
αγ − yβ − ef
d
v
)2))
.
Taking into account the variational principle, we obtain the following
Lemma 1. Every left-invariant Einstein metric on the Lie group SU(2)× SU(2) is defined by the matrix
A=
(
D 0
W D˜
)
,
which has elements such that the point (a, b, c, d, e, f, x, y, z, u, v,w,α,β, γ ) is a critical point of
the above defined function h with restrictions abcdef = 1, a > 0, b > 0, c > 0, d > 0, e > 0,
f > 0. Conversely, any such critical point determines some left-invariant Einstein metric on the group
SU(2)× SU(2).
If we assume in addition that a = b = c, d = e = f , x = y = z, u = v = w = α = β = γ = 0, we
obtain the set of Ad(diag(SU(2)))-invariant metrics.
Lemma 2. There are exactly two, up to isometry and homothety, Ad(diag(SU(2)))-invariant Einstein
metrics on the Lie group SU(2)× SU(2). One of these metric is standard, the second metric is Jensen’s
metric ρJ .
Proof. a = b = c = t in (∗). Using the volume condition, we get d = e = f = t−1. Using the
substitutions y = x and z= x, we obtain the following formula for the scalar curvature:
S = 3
2
(
t2 + t−2)− 3
2
(
x4
t2
− 2x
3
t3
+ x
2
t4
)
.
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(1) w= 0, t = 1, x = 0, r = 1/2,
(2) w= 1, t = 1, x = 1, r = 1/2,
(3) w= 1/2, t = 1/√2, x = 1/√2, r = 1/2,
(4) w= 1/2, t =
√√
3
2 , x = 1√2√3 , r =
5
6
√
3 ,
where r is the Ricci curvature of considering metric.
The metric (1) is standard, the metric (4) was found by G. Jensen in [9]. One can show that the metrics
(2) and (3) are isometric to the standard metric. ✷
Another approach to the proof of previous lemma in terms of invariant metrics on Ledger–Obata’s
space SU(2)3/diag(SU(2)) is contained in [12].
Remark. The Jensen metric ρJ on SU(2)× SU(2) is isometric to the standard metric on the Ledger–
Obata space SU(2)×SU(2)×SU(2)diagSU(2) , in particular, it is naturally reductive (see [5,19]).
Let us consider arbitrary embedding S1 ⊂ SU(2) × SU(2). We are going to examine left-invariant
Einstein metrics on SU(2)× SU(2), which are Ad(S1)-invariant in addition.
Proof of Theorem 2. Without loss of generality any embedding of S1 into SU(2)× SU(2) has the form
e2πit →
(
e2aπit 0
0 e−2aπit
)
×
(
e2bπit 0
0 e−2bπit
)
,
where t ∈R, r = (a, b) is a nontrivial vector with integer coordinates such that numbers a and b have no
common divisor bigger than 1. Using the Weil group and outer isomorphisms of SU(2)2, one can suppose
that a  b  0 and a > 0.
Let us consider the Lie algebra g = su(2) ⊕ su(2) with bi-invariant Riemannian metric (·, ·) =
−1/2B(·, ·), where B is the Killing form of g. Let 〈·, ·〉 be an inner product on g, which generates
the metric ρ. We can assume that it has the same volume as the metric (·, ·).
Let p1 and p2 be the modules, which correspond to first and second summands of su(2) in g
respectively, q is the orthogonal complement of p1 in g with respect to 〈·, ·〉. Let E and F be vectors
of the type ( i 00 i ) in p1 and p2 respectively. We consider the vector s = aE + bF , which generates the
circle S1. Let us note that the Ad(S1)-invariance of the metric ρ is equivalent to the equality〈[s,X], Y 〉+ 〈X, [s, Y ]〉= 0
for every X,Y ∈ g.
Let us consider three modules r1, r2 and r3, where r1 (r2) is the orthogonal compliment of E (F ) in
p1 (p2) with respect to (·, ·) and r3 = R ·E +R · F . We note that all these modules are ad(s)-invariant,
[s, r3] = 0. Moreover, r1 is ad(s)-irreducible and r2 is ad(s)-irreducible for b > 0. It is important that r1
and r2 are isomorphic with respect to ad(s) if and only if (a, b)= (1,1).
Let us consider the orthogonal projections P :q→ p2 and P :q→ p1 with respect to 〈·, ·〉. Obviously,
P is one-to-one map. We consider three following cases: (a, b) = (1,0), (a, b) = (1,1) and a > 1. We
note that in the last case a = b.
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E2,E3 ∈ r1 such that E1, E2, E3 form an orthonormal basis in p1 with respect to (·, ·) and satisfy to
the following multiplication table: [E1,E2] = E3, [E2,E3] = E1, [E1,E3] = −E2. Let a be a positive
number such that 〈aE1, aE1〉 = 1. Then the vectors X1 = aE1, X2 = bE2 and X3 = bE3 form an
orthonormal basis in p1 with respect to 〈·, ·〉.
Further, we consider two inner products on q: 〈·, ·〉 and (x, y)1 = (P (x),P (y)). They can be
diagonalized simultaneously. Therefore, there is an orthonormal basis in p2 with respect to (·, ·), which
consists of the vectors F1, F2, F3 such that [F1,F2] = F3, [F2,F3] = F1, [F1,F3] = −F2. There are three
positive constants d , e, f such that the vectors Y1 = P−1(dF1), Y2 = P−1(eF2), Y3 = P−1(f F3) form an
orthonormal basis in q with respect to 〈·, ·〉. Obviously, P(Y1) = kE1, P(Y2)= lE1, P(Y3)= mE1 for
some k, l,m ∈R.
Let us consider the transition matrix A1 from the basis (E1,E2,E3,F1,F2,F3) to the basis
(X1,X2,X3, Y1, Y2, Y3). It has the following form:
A1 =
(
D 0
W D˜
)
,
where
D =
(
a 0 0
0 b 0
0 0 b
)
, D˜ =
(
d 0 0
0 e 0
0 0 f
)
, W =
(
k 0 0
l 0 0
m 0 0
)
.
We can obtain the explicit expression for the scalar curvature S1 of ρ:
S1 = 2b2 − b
4
2a2
+ d2 + e2 + f 2 − 1
2
(
d2e2f −2 + e2f 2d−2 + f 2d2e−2)
− 1
2a2
(
e2f 2k2
d2
+ d
2f 2l2
e2
+ d
2e2m2
f 2
)
.
In according to the variational principle, ρ is the critical point of the function S1 with the restriction
ab2def = 1.
Taking into account the derivatives of S1 with respect to k, l and m, we get k = l =m= 0. Therefore,
ρ is the product metric. Since ρ is Einstein, it is proportional to the standard metric.
Let (a, b) = (1,1). In this case modulus r1 and r2 are pairwise isomorphic, since [s, r3] = 0, r3 is
orthogonal to r1 ⊕ r2 with respect to 〈·, ·〉. Let E1 = E, F1 = F . We can choose three constants a, d , x
(a > 0, d > 0) such that the vectors X1 = aE1 and Y1 = xE1 + dF1 form an orthonormal basis in r3 with
respect to (·, ·).
Obviously, Y1 ∈ q. Let us consider q¯ = (r1 ⊕ r2) ∩ q and two inner products on q¯: 〈·, ·〉 and
(x, y)1 = (P (x),P (y)). They can be diagonalized simultaneously. It is clear that P(q¯)= r2. Therefore,
there are two vectors F2 and F3 in r2 such that the vectors F1, F2, F3 form an orthonormal basis in
p2 with respect to (·, ·) and satisfy the equalities: [F1,F2] = F3, [F2,F3] = F1, [F1,F3] = −F2. On
the other hand, there are two constants α and β with the property that the vectors Y2 = P−1(αF2) and
Y3 = P−1(βF3) form an orthonormal basis in q¯ with respect to 〈·, ·〉.
Let V = P(Y2) and U = P(Y3), it is clear that U,V ∈ r1. Since 〈·, ·〉 is ad(s)-invariant, we
have the equalities: 〈[s, Y1], Y2〉 + 〈Y1, [s, Y2]〉 = 0, 〈[s, Y1], Y3〉 + 〈Y1, [s, Y3]〉 = 0 and 〈[s, Y2], Y3〉 +
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choose the vectors E2 and E3 in r1 with the following properties: U = yE2, V = yE3 for some y ∈ R;
the vectors E1,E2,E3 form an orthonormal basis in p1 with respect to (·, ·); the equations [E1,E2] =E3,
[E2,E3] = E1, [E1,E3] = −E2 are fulfilled. Let e = α = β. Remind that the modulus r1 is ad(s)-
irreducible. Therefore, there is a positive constant b such that the vectors X1, X2 = bE2 and X3 = bE3
form an orthonormal basis in p1 with respect to 〈·, ·〉.
Let us consider the transition matrix A2 from the basis (E1,E2,E3,F1,F2,F3) to the basis
(X1,X2,X3, Y1, Y2, Y3). It has the following form:
A1 =
(
D 0
W D˜
)
,
where
D =
(
a 0 0
0 b 0
0 0 b
)
, D˜ =
(
d 0 0
0 e 0
0 0 e
)
, W =
(
x 0 0
0 y 0
0 0 y
)
.
We consider the expression for the scalar curvature S2 of ρ
S2 = 2b2 − b
4
2a2
+ 2e2 − e
4
2d2
+ 2y2 −
(
a2
b2
+ b
2
a2
)
y2 − y
2d2
b2
(1− t)2 − 1
2a2
(
y2 − e2t)2,
where t = x/d . The condition for the volumes has the form ab2de2 = 1. In according to the variational
principle, ρ is the critical point of the function S2 with the volume restriction as above.
If y = 0, then (like in the first case) we obtain that t = 0 and ρ is proportional to the standard metric.
If y = 0, we can use the change of variables: b=√p, a =√q , e=√u, d =√v, y =√w. In these new
variables the system of Einstein equations has the form
2p2q − p3 −w(p2 − q2)+ vwq(1− t)2 = 2pqλ,
p3 + 2w(p2 − q2)+ p(w− ut)2 = 2pqλ,
2uvq − u2q + tv(w− ut)= 2vqλ,
u2p− 2v2w(1− t)2 = 2vpλ,
2pq − p2 − q2 − vq(1− t)2 − p(w− ut)= 0,
2vwq(1− t)+ up(w− ut)= 0.
Without loss of generality we can assume that λ = 1. Solving obtained system with the help
of Gröbner bases and MAPLE, we get exactly three solutions such that p, q, u, v, w are
positive. Namely, (p, q,u, v,w, t) is one of the vectors: (2,2,2,2,2,1), (1,1,4,4,1,1/2) and
(9/5,9/5,12/5,12/5,3/5,1/2). It is clear that obtained metrics are isometric, up to a homothety, either
to the standard metric or to the Jensen metric, because any of the obtained metrics is Ad(diag(SU(2)))-
invariant.
Finally, let a > 1 and b > 1. This case one can be examined analogously with the previous case. But
in this case the modulus r1 and r2 are not pairwise isomorphic, hence y = 0, and we have a partial case of
the first case, where ρ is the product metric. Therefore, ρ is isometric, up to a homothety, to the standard
metric.
This completes the proof of Theorem 2. ✷
378 Yu.G. Nikonorov, E.D. Rodionov / Differential Geometry and its Applications 19 (2003) 369–378Remark. As it follows from Theorem 2 any hypothetical unknown Einstein left-invariant metrics does
not have additional nondiscrete compact group of motions. It seems to be very interesting problem to
investigate the above defined function h (∗) in details specifically in the context of its critical points.
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